We calculate emission rates of a massless state from a highly excited rotating string in perturbative bosonic open string theory. By averaging huge degeneracies of initial string states with specifying the mass and a single component of the angular momentum, we find thermal spectrum in a wide range of the angular momentum. We derive the temperature that characterizes the thermal spectrum from the partition function of a single rotating string from which we also find the entropy and the angular velocity of rotating strings. We also argue based on these quantities the Horowitz-Polchinski correspondence principle between rotating strings/Kerr black holes for non-extremal as well as extremal cases. In the parameter region where the Kerr black holes exist, the thermal spectrum is comparable to scalar emissions from a rotating black hole.
Introduction
String theory is expected to be a correct framework of quantum theory of gravitation, which should eventually explain quantum nature of black holes. So far much progresses have been made in understanding the extremal and near extremal entropy of black holes in string theory [1] 1 . However understanding of the properties of highly non-extremal black holes in terms of strings still remains incomplete. The correspondence principle [3, 4] is one of big clues towards the understandings of non-extremal black holes. It claims that the entropy of an excited fundamental string provides the right order of a black hole entropy when gravitational coupling is tuned to be a special value, called the correspondence point, at which horizon size of the black holes is on the order of the string scale. Since this entropy correspondence is remarkable and suggestive, one expects further studies may shed some light on the microscopic understanding of the underlying degrees of freedom of black holes. Especially, it is interesting to pursue the relation between radiations from perturbative fundamental strings and the Hawking radiations of black holes in light of the correspondence principle. Aside from their relations to black holes, it is interesting in its own right to study nature of highly excited strings, especially radiations that are one of the important information that characterizes the strings. Indeed there have been a lot of studies on decay of highly excited long strings. See for example, [5, 6, 7, 8, 9, 10, 11] .
It is known that inclusive massless spectrum becomes thermal when averaged over initial degenerate states of a single heavy string [12, 13] . The averaging procedure is performed with an equal weight thus making a microcanonical ensemble of a single string. However, eigenstates of angular momentum are treated as degenerate states in this treatment. This would be invalid if we regard a single string state as a coarse-grained statistical system, since the angular momentum is a macroscopic quantity. The angular momentum eigenstates should be treated not as a coarsegrained variable but as a specified variable, if we regard the ensemble is made of a single string states [14] . In this paper, we shall compute emission rates of a massless state with the averaging procedure by inserting the projection operator of the angular momentum in order to construct an ensemble of a single string which is specified by the angular momentum. We expect that our results may give some clue to shed light on the microscopic nature of black holes. This paper is organized as follows. In section two we argue the correspondence principle between rotating strings and Kerr black holes. After reviewing the calculation of the number of states of a heavy rotating string [15] which provides the entropy of the string, we derive thermodynamic quantities such as the angular velocity and the temperature. We compare them with those of Kerr black holes at the correspondence point. In section three we calculate, in the string perturbation framework, the massless radiation spectrum from a rotating heavy string with the averaging procedure specifying an angular momentum in addition to the level of the state. In section four we summarize our results and discuss future problems.
Rotating string/Kerr black hole correspondence
In this section we argue the relation between rotating heavy strings and Kerr black holes. First we compute the number of states of a single rotating string, from which we derive thermodynamic quantities. This also provides a basic ingredient in computing radiation spectrum in the next section. Then, based on the thermodynamic quantities, we will argue the correspondence principle between rotating strings and the Kerr black holes.
The number of states of a single heavy string
Before computing the number of states of a single rotating string, let us start with computing the number of states of a single string of level N otherwise unspecified. The number of states is denoted by G(N ). The partition function is given by
whereα n are mode operators which obey [α n ,α m ] = nδ n−m and the number of space-time dimensions is denoted by D (=26). One may immediately find the number of states as
For large N there is a sharp saddle point around small β. By using the modular property 2 of the Dedekind function f (w) we find the asymptotic behavior at β ∼ 0 is
Thus we have
The saddle point is given by
2 The modular property is
This is obtained by using the modular property of the Dedekind eta function
where the Dedekind eta function is defined by
and after a Gaussian integration around the saddle point we find
where β H is the inverse Hagedorn temperature of open strings.
Next, let us compute the number of states of a single string of level N , now specified by a single component of angular momentum [15, 16] . Other quantum numbers are still unspecified. We shall chose the angular momentum in the 1 − 2 planê
To diagonalize the worldsheet Hamiltonian, we introducê
Thus we have the worldsheet Hamiltonian
We find the partition function becomes 3
We may read off the density of states G(N, J) from the partition function by integrating over ν and then integrating w over a small circle around w = 0
3 The theta function is defined by
where w = e 2πiτ and u = e 2πiν .
We assume that the integral is dominated at small β. From the modular transformation property 4 , we find an asymptotic form of the theta function at β ∼ 0 as
Thus we find the partition function can be written as
Here β H is the Hagedorn inverse temperature defined before and is given as β H = 4π (in string unit α ′ = 1). Note here since β is supposed to be small, Z(β, ν), as a function of ν, has a sharp support at small ν thus we have omitted the factor e 2π 2 ν 2 /β and taken sin(πν) ∼ πν in the second line of (18) . 5 Furthermore we may safely extend the integration region of ν in (15) to [−∞, ∞]. Then, one can perform the ν integration by using the integral formula
to get
Since the right-hand side is an even function with respect to J, we assume J ≥ 0 in the following. The β integral can be estimated by a saddle point approximation. The saddle point equation is
When J is small such that J ≪ N , the second term in the right-hand side can be omitted and we find the saddle point
while if J = O(N ) we find
4 The modular transformation property is
5 The author is grateful to F. Sugino for discussion on this point.
After performing the Gaussian integration we obtain
We have a comment here. If J is quite closed to N , as is obvious from the saddle point equation (21) , the value of saddle point would be very large and our present assumption would become invalid. Therefore we shall exclude such the case and we understand the condition J = O(N ) means that J is of order N but it is not so closed to N . Having obtained the number of states of a rotating heavy string, we may immediately obtain an entropy of the string from which one can drive various thermodynamic quantities such as temperature, angular momentum, etc.
The string entropy is obtained by taking the logarithm of the number of states. We find
where M ≃ √ N . From the first law
we find the inverse temperature
It is interesting to see the temperature for states with J = O(M 2 ) is lower than the temperature for states with small J. Furthermore the Hagedorn temperature for states with large J is higher than that of states with small J. Actually we find
Hagedorn .
We also find the angular velocity
The angular velocities are negligibly small and hardly be seen as a macroscopic variable. This seems consistent with the fact that a free heavy string spatially extends very much and has a large moment of inertia. It is interesting to see that a random walk picture works well for the case J ≪ 1/M where we have Ω st ∼ J/M 2 . In fact, supposing a Gaussian distribution of energy density ρ(r) ∝ e −r 2 /M where M is the total mass of the string, we get the moment of inertia I ∝ M 2 and obtain the corresponding angular velocity Ω = J/M 2 by a relation J = IΩ. So we see the energy distribution deviates from the Gaussian distribution as increasing the angular momentum.
The correspondence
Now we apply the above results for the correspondence principle between rotating strings and Kerr black holes. The size of horizon of black holes decreases as the gravitational coupling reduces, and the correspondence principle claims that at the point where the size becomes on the order one (in the string unit) the black hole would turn to be a fundamental excited string. The mass of the black hole is conjectured not to change a lot in the transition process. Furthermore, physical quantities are expected to keep its original value in the transition process, if we vary the coupling adiabatically. Thus, one may estimate the number of microscopic degrees of freedom of a black hole that provides its huge entropy by counting the number of states of a fundamental string with the same mass. Since it is quantized, the angular momentum is also expected not to change very much. The mass and the angular momentum are macroscopic variables thus we have to specify them to characterize the corresponding macroscopic system. We equate the masses and the angular momenta before and after the transition, namely (M bh , J bh ) = (M st , J st ). Even the angular momentum is taken into account, the horizon radius keeps the magnitude of that of non-rotating black holes and is at most two times of GM bh where G is the Newton constant in four dimensions. (See Appendix A. We list there the basic data of the Kerr black holes.) We find a critical coupling which defines the correspondence point from the equality of the mass
At the correspondence point we have r + ∼ 1 and we find the correspondence point 6
Obviously the correspondence point is the same as the one obtained without specifying angular momentum. The Kerr black hole has a maximum angular momentum beyond which there appears a naked singularity. The bound is given by
and at the correspondence point we have
Since (M bh , J bh ) = (M st , J st ) we shall consider an angular momentum of a string with
Let us see the entropy correspondence. The Bekenstein-Hawking entropy of the Kerr black holes is
where the last equation holds at the correspondence point (31). On the other hand, the entropy of a single string with mass M and angular momentum J is given in (25). It obviously matches the black hole entropy at the correspondence point [17] . This argument can be applied to extremal as well as non-extremal black holes. Next we would like to see the correspondence of temperatures. We will check the temperature of Kerr black holes would become on the order of the string temperature. The black hole temperature is given by
As we vary the angular momentum J = GM 2 to J = 0 the numerator takes a value between zero and GM . So according to the magnitude of the angular momentum, we have at the correspondence point
The string temperature is always on the order one even at the extremal point of the black hole, therefore we may conclude that we find an agreement of temperature except the extremal point T bh = 0. To include the extremal case, it is convenient to write the entropy formula in the Smarr like form as
As we saw, the entropy of a black hole and that of a string become of the same order of magnitude at the correspondence point where the horizon radius is on the order one. Since the string entropy is given by S st (M, J) = β H M , it immediately follows
For non-extremal case the square root is of order one and we may omit 7 it and thus the both temperatures become on the same order as we saw above. The temperature correspondence automatically follows from the entropy correspondence. However, this argument may not be applied for the extremal case where β bh diverges, while the string has a finite temperature even at the extremal point. However the left-hand side of (39) is
and we may define this as a new temperature, especially at the correspondence point
Actually, one may define the temperature for an extremal black hole through the first law with the constraint as
which becomes 4π at the correspondence point matching with the string one. However there is a subtlety here. As we will see in the next section, strings can radiate even at the extremal point while black holes do not. Although temperatures match, the physics seems different. 8 As for the angular momentum, we do not find a correspondence. At the correspondence point (GM ∼ 1) the angular velocity of the black hole is
On the other hand, the string angular momentum is
It is natural to expect that these two quantities would become on the same order after we include self-interactions of a string. This is indeed the case for the size of a string and a black hole [18, 19, 20] . 9 Actually it is natural to consider that the larger the size of an object where the moment of inertia is large, the smaller the angular velocity with a given angular momentum. If the moment of inertia becomes small the angular velocity increases and eventually would match the one of the black hole. It is interesting to check this explicitly, though we shall not pursue it here.
3 Emission of massless states
inclusive case
Let us consider an inclusive process of emission of a photon from a heavy string in D(= d + 1)-dimensional space-time in bosonic open string theory. Suppose the emitted photon has polarization ζ µ and momentum k µ = (ω, k), and that the string at initial state is in level N states with momentum P µ and then becomes in N ′ with P ′ µ at the final state. Both N and N ′ are assumed to be very large. We shall work in the center of mass frame and we have 10 P µ = (M, 0, . . . , 0) = ( √ N − 1, 0, . . . , 0), where the on-shell condition N = P 2 + 1 provides the second equality and M is the mass of the initial string. We find the level difference
8 Still one may expect that the rotating string at the extremal point would cease to radiate if self-interactions are taken into account and set to the correspondence point. 9 The size of a highly excited string can be estimated by a random walk picture which provides √ M , on the other hand the size of a black hole becomes on the order one at the correspondence point. After taking the string self-interactions into account, the size becomes on the order one. 10 We set α ′ = 1.
which is derived from the momentum conservation P ′µ = P µ − k µ and the on-shell condition k 2 = 0 and N ′ = P ′2 + 1. We are considering the inclusive process in which we do not specify the final states other than the level of the heavy string, and thus in calculating the probability we need to sum over all possible states of the final string and polarization of the photon. On the other hand, we do not prepare any particular state for the initial state and thus we average over the possible states of the initial string. The rate is given by
where the probability is
where we denote by Φ N the string state in level N and Φ|N represents the summation over the states in level N . G(N ) is the number of states in level N . The emitted photon is described by the vertex operator V ζ (k, 1). It is convenient to introduce an operator which projects to level n-th state
whereN = n=1 µα −nµα µ n is the number operator, which is related to the Virasoro operator L 0 =N +p 2 and the operatorsα n obey [α n ,α m ] = nδ n−m . Then the probability is written as
where the trace is taken only over the oscillator part. There is also a contribution from nonplanar diagram (twisted trace), but it is a sub-leading in 1/N thus we shall focus only on the planar contribution. Note that the position of the vertex operator can be moved by
Therefore we have
The trace part in the integrand turns out to be (see Appendix B)
where Ω(v, w) is given by (108). After the contour integration with respect to v, only the term v −n with n = N − N ′ in the Ω survives since N > N ′ . Thus we have
For large N ′ the integral can be computed by a saddle point approximation, with the main contribution coming from w ≃ 1 or β ∼ 0 where w = e −β and the Dedekind function takes the asymptotic form (6). We find a saddle point β s ≃ β H 2 √ N ′ . After the Gaussian integration around the saddle point and noting √ N − √ N ′ ≃ ω, we obtain a thermal spectrum
This shows that the string behaves as a black body of temperature β −1
H . However, as stated in the introduction, if we regard the ensemble is composed of a single string, we should specify the angular momentum of the system since it is the variable that can be observed from a macroscopic view point. In other words, angular momentum eigenstates should not be treated as coarse grained states. 11 In the next section, we will introduce a projection operator which picks up a particular component of the angular momentum in order to construct an ensemble of a single string which has a definite component of the angular momentum.
Emission of massless states from rotating string
Now we study an inclusive process of the emission probability of a massless vector state (Ddimensional photon) from an extremely high energy string in D(= d + 1)-dimensional spacetime. We consider a vector with polarization and momentum (ζ µ , k µ ) from a massive string of level N with an angular momentum J. The final state is a highly excited string of level N ′ with an angular momentum J ′ . Without loss of generality, we set the initial angular momentum be non-negative, J ≥ 0. Still J ′ can be either positive or negative. We take the rotating plane in 1 − 2 directions. We regard 0, 1, 2, 3 directions as our space-time and the other directions 4, . . . , d are internal or extra dimensions even though we do not consider any compactification mechanism here. We shall see the cases of small J such that J ≪ N ≃ M 2 , since this is the region where the string state might be comparable to the rotating black hole through the correspondence principle. We also see rather large J case that J = O(N ) (but not J ≃ N ). The case of maximum angular momentum J = N has been studied in [6, 7, 8, 9, 10] etc. The probability is given by the same procedure in the previous section. The difference is that we specify the angular momentum of the initial and final states. Again, the polarizations of the initial states are averaged and that of the final states summed. We have
11 One the other hand, if we consider an ensemble that is composed of many strings (say, a gas of strings), then one can regard (54) as the angular momentum eigenstates are averaged with equal weight to make a system with zero total angular momentum.
where G(N, J) is the number of states of level N with angular momentum J. Now let us compute the probability (55). In addition to the projection operator (48) that picks up the states of level N without specifying any other than the level, we shall introduce an operator that projects to the states with an angular momentum J;
Note thatN andĴ commute with each other. Then the probability is converted in a similar way as in the previous section
There is also a contribution from non-planar diagrams but we omit it since it is expected to be sub-leading in 1/ √ N as was shown in [12] for the inclusive case. The trace part is calculated in Appendix B. The result is
where C x = (x + x −1 )/2 and
Here the repeated indices i run over 0, 3, . . . , d (e.g.
). We will use this convention hereafter.
In the following we shall focus, for simplicity, on the process that the photon is emitted to the direction perpendicular to the 1 − 2 plane, say, 3 direction
Therefore we have relations
where the arrow is used for the (1, 2) component of vectors such as k = (k 1 , k 2 ) etc. Here the first two equations follow trivially from k = 0 and the last two are the consequence of the on-shell condition. Then the trace part becomes (including the ghost contribution)
Plugging this into (57) we find the v integration just picks up the terms with v − (N −N ′ ) . Also the z integration is readily performed. After these integrations we obtain
So far the expression is exact (up to a non-planar contribution).
We assume the w-integration is dominated around w ∼ 1 and expand the integrand around there to get an asymptotic form, and then perform the u integral. As before we introduce w = e −β thus the asymptotic form is obtained around β ∼ 0. We will omit irrelevant numerical factors in the following. By using the asymptotic forms of the Dedekind function (6) and of the theta function (17) we obtain
where we have used (45) and discarded the factor e 2π 2 ν 2 /β by the same reasoning noted before. The first term in the brackets represents the probability that the 1 − 2 component of the angular momentum of the heavy string does not change. The massless state carries one unit of an angular momentum other than the 1 − 2 component. This massless vector can be seen as a scalar in the (1 + 3)-dimensional view point and we will call it as a scalar emission hereafter. On the other hand, the second term describes the processes that the 1 − 2 component of the angular momentum of the heavy string varies one unit J ′ = J ± 1 that corresponds to an emission of a photon (even in (1 + 3)-dimensional view point) with negative and positive helicity respectively. We will call it as a photon emission. By making use of the integral formula (19) we have
where we have defined as P =: P J δ J,J ′ + a=±1 P J+a δ J+a,J ′ . Next let us evaluate the β integrations by the saddle point approximation by assuming the integral is dominated by a small β region. As before we shall consider the cases where J is small (J ≪ N ′ ) and large (J = O(N ′ )) separately in the following.
Scalar emission
First we consider the scalar emission rate (66). The saddle point equation is
J ≪ N ′ As stated in the previous subsection, we are interested in the string states that have angular momentum up to of order √ N that are expected to correspond to extremal or non-extremal Kerr black hole. For J ≤ √ N ≪ N ′ one may omit the second terms in the right-hand side in the saddle point equation Eq.(68) and finds a saddle point
Performing the Gaussian integration around the point and noting (24), we find, for scalar emission,
where we have assumed ω ≪ √ N in the second line. The leading term of the spectrum takes a thermal form of the scalar emission as expected.
For large J such that J = O(N ′ ) (but J = N ) we find a saddle point
After the Gaussian integration we find
For ω ≪ √ N we obtain
where
is the inverse string temperature computed in (27). It is interesting to see that the factors in the denominator and the numerator have different origins. This is also a thermal form. The procedure for averaging in initial states and summing over final states realize a microcanonical ensemble.
Photon emission
Next we consider the emission rate of a photon (67). It is difficult to take the infinite sum in (67) exactly. To simplify the computation we will consider a high energy emission so that βω √ N is large where the term with m = 0 dominates the sum and we may discard the terms with m > 0. Again we employ the saddle point approximation for the integral. The saddle point equation becomes
J ≪ N ′ Since we consider the small J region such that J ≤ √ N ≪ N ′ , one may ignore the second terms in the right-hand side of the saddle point equations (74) and finds the same saddle point as (69). Therefore we have
As we argued before, the angular velocity of the string can hardly be seen in the present approximation, thus the massless spectrum is consistent with the one expected from the microcanonical ensemble.
The saddle point is given by (71) and since J is large one may take J ± 1 ∼ J, then the result is essentially the same as in the case of the scalar emission. The condition βω √ N ≫ 1 becomes ω ≫ 1 for the saddle point. Thus for ω small compared with √ N but still large, i.e. 1 ≪ ω ≪ √ N , we find a thermal spectrum
Summary and discussion
In this paper we have argued the correspondence principle between rotating strings and Kerr black holes. We derive the entropy of a heavy rotating string from the number of states of a rotating string, from which we derive, via the first law of thermodynamics, angular velocities and temperature not only for relatively small angular momentum which may be comparable to a Kerr black hole but also for large angular momentum that has no counterparts in the black hole side. We compared these quantities with those of Kerr black holes at the correspondence point where the curvature radius becomes on the order of the string scale. We find agreements for entropies and temperatures for both extremal and non-extremal black holes. However, in the case of extremal black holes, physical consequences of two temperatures seem different. The one belongs to strings is associated to thermal radiations, while the other is not. We expect that, once we would include interactions, the strings cease to emit light states at the black hole extremal point corresponding to the zero (physical) temperature that is different from the one we defined. As for the angular velocities, we find no agreements between strings and black holes. We consider this is due to the spatial extendedness of free strings. We expect inclusions of string self-interactions may solve the discrepancy. To examine this is one of interesting future problems.
Then we have calculated emission rates of a massless state from a highly excited rotating string in the string perturbation framework. We obtain thermal spectrums in a wide range of angular momentum. A rotating string behaves as a black body of temperature determined by the mass and the angular momentum. One might be tempted to compare the string radiation spectrum and the Hawking radiation from Kerr black holes. Especially, in a region of small angular momentum where one may expect to hold the correspondence principle, it is comparable to the Hawking radiation.
There exist, in addition to those mentioned above, lots of interesting problems and extensions. For example, applications to closed strings are interesting. Although the decay of closed strings is qualitatively and quantitatively different from open strings, the qualitative feature of massless emissions that characterize a thermal nature is common to both types of strings. Superstring extensions are also interesting generalizations [21] . Especially, it would be interesting to see the process where an emitted state is a fermion. We hope we shall report these issues elsewhere.
The Bekenstein-Hawking entropy and temperature are respectively
The angular velocity at the horizon is related to the angular momentum of the hole
The angular momentum has a bound
and when the bound is saturated J = GM 2 , we have the extremal Kerr in that
B Calculation of traces
In this appendix, we shall demonstrate a calculation of the traces in Eqs. (51), (57), extending the calculation performed in [22] . We are interested in processes of a photon radiation, and our traces contain photon vertex operators. First, we calculate the traces in which tachyon vertex operators are inserted in a way that is convenient for the present purpose. By making use of a trick, we shall derive the traces with photon vertex operators. We would like to calculate
where V is the vertex operator for tachyon andĴ = nĴ n withĴ n = − 
12 In this appendix we set α ′ = 1/2.
Here we have labeled the momentum with positive and negative indices just for our present purpose, even though these two momentum are same;
The trace is performed by using the coherent state basis
For the component of 1-2 directions that contains the angular momentum operator, we have
and for the components of i = 0, 3, . . . , d, we have
The integrations are carried out by using the formula
and after a tedious but straightforward computation we find
As we mentioned, we set u = 1 in (99) to get the components of 0, 3, . . . , d. We find
In order to get the trace with photon vertex operator it is convenient to notice that the photon vertex operator is written as 
where the normal ordering is irrelevant, because k 2 = 0, k · ζ = 0 and the linear term in ζ is relevant for us. Noting (87) and (101) one can obtain the trace with photon vertex from the calculation with tachyon (99), (100) by the following replacements:
By dropping the O(ξ 2 ) and O(ζ 2 ) terms (but keeping terms of O(ξζ)), we have
and (i is not taken summations)
If we set ξ µ = ζ µ , k µ = −p µ and ρ = 1, we obtain (59):
1 − 2w n C uz + w 2n + n ζ 2 v n (C z − w n C u ) + w v n (C u − w n C z ) 1 − 2w n C uz + w 2n .
As for i = 0, 3, . . . , d we find
It is easy to get 
Since we keep the terms of O(ζ) (note that ζ i ζ i here is actually of O(ζ) because ζ i and ζ i have different origins), thus we obtain (60): 
